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. Abstract. Wc find a Lax pair equation corresponding to the Connes-Kreimer Birkhoff 

I factorization of the character group of a Hopf algebra. This flow preserves the locality of 

' counterterms. In particular, we obtain a flow for the character given by Feynman rules, 

^~»' and relate this flow to the Renormalization Group Flow. 



1. Introduction 

' (-('■ In the theory of integrable systems, many classical mechanical systems are described by 

Ph' a Lax pair equation associated to a coadjoint orbit of a semisimple Lie group, for example 
' via the Adler-Kostant-Symes theorem [1]. Solutions are given by a Birkhoff factorization 
on the group, and in some cases, this technique extends to loop group formulations of 
physically interesting systems such as the Toda lattice [TOl [16] . By the work of Connes- 
Kreimer [1], there is a Birkhoff factorization of characters on general Hopf algebras, in 
particular on the Kreimer Hopf algebra of IPI Feynman diagrams. In this paper, we 
, reverse the usual procedure in integrable systems: we construct a Lax pair equation 
^ . ^ = [L, M] on the Lie algebra of infinitesimal characters of the Hopf algebra whose 

ly^ ■ solution is given precisely by the Connes-Kreimer Birkhoff factorization (Theorem 15.91) . 

The Lax pair equation is nontrivial in the sense that it is not an infinitesimal inner 
O ■ automorphism. The main technical issue, that the Lie algebra of infinitesimal characters 
is not semisimple, is overcome by passing to the double Lie algebra with the simplest 
^ ' possible Lie algebra structure. In particular, the Lax pair equation induces a flow for the 
I character given by Feynman rules in dimensional regularization. This flow has the physical 
significance that it preserves locality, the independence of the character's counterterm on 
the mass parameter. 

In §§1-4, we introduce a method to produce a Lax pair on any Lie algebra from equations 
of motion on the double Lie algebra. In ^ we apply this method to the particular case 
of the Lie algebra of infinitesimal characters of a Hopf algebra, and prove Theorem 15.91 

The Renormalization Group Flow (RGF) usually considered in quantum field theory 
is a flow on the character group G'_4, while the Lax pair flow is on the corresponding Lie 
algebra of infinitesimal characters. There are various bijections from to G^, and 
via these bijections we can compare the Lax pair flow to the RGF. These flows are not the 
same, so we study how physically significant quantities behave under the Lax pair flow. In 
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§6, we derive an equation for the flow of the /5-function of characters Lpt G associated 
to the Lax pair flow via the exponential map exp : g_4 (Corollary 16.111) . In §7, we 

first show that the Lax pair flow is trivial on primitives in the Hopf algebra. We then use 
Manchon's bijection [15] : G_a to prove various locality results (Theorems 17.51 

I7.16p . The /^-function flow defined via itself satisfies a Lax pair equation (Theorem 
17. 7p . Thus is much better behaved than the exponential map. In §8, we work out 
several examples of this theory, and in particular keep track of the leading log terms. 

An alternative algebraic geometric approach to Lax pair equations is to apply spectral 
curve techniques to linearize the flow on the Jacobian of the spectral curve. Unfortunately, 
in the worked example of ^ the spectral curve is reducible, and the only invariants we 
find are trivial. We hope to find examples with nontrivial invariants in the future. 

We would like to thank Dirk Kreimer for suggesting we investigate the connection be- 
tween the Connes-Kreimer factorization and integrable systems, and Dominique Manchon 
for helpful conversations. 

2. The double Lie algebra and its associated Lie Group 

There is a well known method to associate a Lax pair equation to a Casimir element 
on the dual g* of a semisimple Lie algebra g |T6]. The semisimplicity is used to produce 
an Ad-invariant, symmetric, non-degenerate bilinear form on g, allowing an identification 
of g with g*. For a general Lie algebra g, there may be no such bilinear form. To produce 
a Lax pair, we need to extend g to a larger Lie algebra with the desired bilinear form. 
We do this by constructing a Lie bialgebra structure on g, whose definition we now recall 
(see e.g. [II]). 

Definition 2.1. A Lie bialgebra is a Lie algebra (g, [-, ■]) with a linear map 7 : g ^ g ® g 
such that 

a) *7 : g* ® g* — g* defines a Lie bracket on g*, 

b) 7 is a 1-cocycle of g, i.e. 

adf (7(Z/)) - adf (7(x)) - 7([x,y]) = 0, 

where ad^^^ :g®g-^g®gis given by a.d^^\y ® z) = ad^.(?/) ® z + y ® adx(2) = 
[x,y]® z + y ® [x, z] . 

A Lie bialgebra (g, [■, ■],7) induces an Lie algebra structure on the double Lie algebra 
© 0* by 

[X\Y*],^,,='^{X®Y), 
[X,Y*]=e.d*AY*), 

for X, y G g and X*, Y* G g*, where ad* is the coadjoint representation given by 
ad*AY*)iZ) = -Y*{adxiZ)) for Z e Q. 
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Since it is difficult to construct explicitly the Lie group associated to the Lie algebra 
© 0*, we will choose the trivial Lie bialgebra given by the cocycle 7 = and denote by 

= © 0* the associated Lie algebra. Let {Fj, i = 1, ... ,1} he a basis of 0, with dual 
basis {Y*}. The Lie bracket [■, -js on 6 is given by 

[F„ Y,]s = [y„ y,], [f;, y*]s = o, [y„ y*]s = - J] c],y;, 

k 

where the c^^ are the structure constants: [^jj^j] = ^k^ij^k- The Lie group naturally 
associated to 6 is given by the following proposition. 

Proposition 2.2. Let G be the simply connected Lie group with Lie algebra g and let 
6 : G X g* ^ Q* be the coadjoint representation d{g,X) = Ad^(5')(X). Then the Lie 
algebra of the semi-direct product G = G ixe g* is the double Lie algebra 6. 

Proof. The Lie group law on the semi-direct product G is given by 

ig,X)-{g',X') = igg',X + e{g,X')). 
Let be the Lie algebra of G. Then the bracket on g is given by 

[X,Y% = d9{X,Y*), [X,Y]~,= [X,Y], [X*,Y% = 0, 

for left-invariant vector fields X, Y of G and X*,Y* G 0*. We have d9{X,Y*) = 
dAdG{X){Y*) = [X, Y*]s since dAdc = adg. □ 

The main point of this construction is existence of a good bilinear form on the double. 

Lemma 2.3. The natural pairing (■, ■) : 5 ® 5 ^ C given by 

{{a,b*),{c,d*)) = d*{a) + b*{c), a, c G 0, b*,d*eg*, 

is an Ad-invariant symmetric non- degenerate bilinear form on the Lie algebra 6. 

Proof. By [11], this bilinear form is ad-invariant. Since G is simply connected, the Ad- 
invariance follows. As an explicit example, we have 

Ad^(((7,0))(r„0) = (AdG(^7)(F,),0), and Ad^((^?, 0))(0, 1^*) = (0, Ad^(^?)(i;*)), 

from which the invariance under AdQ(g, 0) follows. □ 

3. The loop algebra of a Lie algebra 
Following [1], we consider the loop algebra 

N 

L6 = {L(A) = J2 ^^^j \M,N eZ, Lj G 6}. 

j=M 

The natural Lie bracket on L6 is given by 

[^a-l„^a^l;]=5;a'5;il.,l;]. 

k i+j=k 
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Set 

N 

L5+ = {L{\) = J2 ^^Lj \N eZ+U {0}, Lj e 5} 

j=0 

-1 

L6_ = {L{X) = J2 ^^^j I ^ ^ ^^'^i ^ '^^}- 

j=-M 

Let P+ : LS ^ LS+ and : L6 ^ L6- be the natural projections and set R = P+ — P_. 

The natural pairing (-, ■) on 5 yields an Ad- invariant, symmetric, non-degenerate pairing 
on L6 by setting 

N N' \ 

\i=M j=M' I i+j=-l 

For our choice of basis {1^} of g, we get an isomorphism 

(3.1) / : L{5*) L5 
with 

We will need the following lemmas. 

Lemma 3.1. [1] We have the following natural identifications: 

L6+ = L{5*). and L5. = L{5*)+. 
Lemma 3.2. [T6l Lem. 4.1] Let ip be an Ad-invariant polynomial on S. Then 

<^^,„[L(A)] =ResA=o(A-XA'"L(A))) 
is an Ad-invariant polynomial on L6 for m,n ^ Z. 

As a double Lie algebra, 6 has an Ad-invariant polynomial, the quadratic polynomial 

ij{Y) = {Y,Y) 

associated to the natural pairing. Let yj+j = for z G {1, . . . , / = dim(g)}, so elements 

21 N . 

of L6 can be written L{X) = X] S -^iX?-^*- Then the Ad-invariant polynomials 

j=l i=-M 

(3.2) i^m,n{LW) = ResA=o(A-XA'"L(A))), 
defined as in Lemma 13.21 are given by 

(3.3) ^^,.(L(A)) = 2^ 

j=l i+k—n+2m=—l 

Note that powers of ip are also Ad-invariant polynomials on 5, so 

(3.4) <„,(^(A)) = ResA=o(A->^A™L(A))) 
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are Ad-invariant polynomials on L5. It would be interesting to classify all Ad-invariant 
polynomials on L5 in general. 

4. The Lax pair equation 

Let P+, P_ be endomorphisms of a Lie algebra f) and set i? = P+ — P_. Assume that 

[X, Y]r = [P+X, P+F] - [P„X, P^Y] 

is a Lie bracket on f). From [T6l Theorem 2.1], the equations of motion induced by a 
Casimir (i.e. Ad-invariant) function 9? on f)* are given by 

(4.1) ^ = _ad;M-L, 

for L e i)*, where M = \R{d^{L)) E f). 

Now we take P) = {L6)* = L{6*), with 6 a finite dimensional Lie algebra and with the 
understanding that {L6)* is the graded dual with respect to the standard Z-grading on 
L6. Let P± be the projections of L6* onto L6^. After identifying L6* = L6 and ad* = —ad 
via the map / in (13.11) . the equations of motion (14. ip can be written in Lax pair form 

(4.2) f = |M,Ll, 

where M = ^R{I{dip{L{\)))) G L6, and ip is a, Casimir function on L6* = L6 [T6l 
Theorem 2.1]. Finding a solution for (14. 2 p reduces to the Riemann-Hilbert (or Birkhoff) 
factorization problem. The following theorem is a corollary of [U Theorem 4.37] [T6l 
Theorem 2.2]. 

Theorem 4.1. Let ip he a Casimir function on LS and set X = I{d(p{L{X))) e LS, for 
L{X) = L(0)(A) G L6. Let g±{t) be the smooth curves in LG which solve the factorization 
problem 

exp{-tX)=g4t)-'g+{t), 

with g±{0) = e, and with g+{t) = g^{t){X) holomorphic in X E C and g^{t) a polynomial 
ml/A with no constant term. Let M = ^R{I {dip{L{X)))) G L6. Then the integral curve 
L{t) of the Lax pair equation 

is given by 

(4.3) L{t)= Ad j^^gi{t).L{0). 

This Lax pair equation projects to a Lax pair equation on the loop algebra of the 
original Lie algebra q. Let tti be either the projection of G onto G or its differential from 
6 onto g. This extends to a projection of L6 onto Lg. The projection of (14. 2 p onto Lg is 

(4.4) ^^M|M = |,,,i),,,(M)|. 
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since tti = cItti commutes with the bracket. Thus the equations of motion (14. 2 p induce a 
Lax pair equation on Lq, although this is not the equations of motion for a Casimir on 



Theorem 4.2. The Lax pair equation of Theorem \4.1\ projects to a Lax pair equation on 
Lq. 

Remark 4.3. The content of this theorem is that a Lax pair equation on the Lie algebra 
of a semi-direct product G k G" evolves on an adjoint orbit, and the projection onto 
g evolves on an adjoint orbit and is still in Lax pair form. Lax pair equations often 
appear as equations of motion for some Hamiltonian, but the projection may not be the 
equations of motion for any function on the smaller Lie algebra. We thank B. Khesin for 
this observation. 



When il)rn,n is the Casimir function on L5 given by (13.21) . X can be written nicely in 
terms of -^^(A). 

Proposition 4.4. Let X = I{dil)m,n{L{\))) ■ Then 
(4.5) X = 2A-"+2'"L(A). 

Proof. Write L(A) = E^i^'^j- By formula ([S3]), we have 



(4.6) 



p I n— 1— 2m— p; 

Therefore 

p,t p 

(I 21 
\ ^ Tt+l \r \n~l~2m~p I \ ^ T t~l \r \n~l~2m~p 

2_^^n~l~2m~p'^t+l'^ + J^n-l-2m-p^t-l^ 

t=l t=l+l 

= 2A-"+2™L(A). 

□ 

5. The main theorem for Hope algebras 

In this section we give formulas for the Birkhoff decomposition of a loop in the Lie 
group of characters of a Hopf algebra and produce the Lax pair equations associated to 
the Birkhoff decomposition. We present two approaches, both motivated by the Connes- 
Kreimer Hopf algebra of IPI Feynman graphs. First, in analogy to truncating Feynman 
integral calculations at a certain loop level, we truncate a (possibly infinitely generated) 
Hopf algebra to a finitely generated Hopf algebra, and solve Lax pair equations on the 
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finite dimensional piece (Theorem 15 ■4p . We also discuss the compatibility of solutions 
related to different truncations. Second, we solve a Lax pair equation associated to the 
full Hopf algebra, but for a restricted family of Casimirs (Theorem I5.9p . 

Let 7i = (TC,l, fi, A,e, S) be a graded connected Hopf algebra over C. Let ^ be a 
unital commutative algebra with unit 1^. Unless stated otherwise, A will be the algebra 
of Laurent series; the only other occurrence in this paper is ^ = C. 

Definition 5.1. The character group of the Hopf algebra 7i is the set of algebra 
morphisms (p : Ti. ^ A with 0(1) = 1^. The group law is given by the convolution product 

the unit element is e. 

Definition 5.2. An ^-valued infinitesimal character of a Hopf algebra is a C-linear 
map Z : Ti. ^ A satisfying 

{Z, hk) = {Z, h)e{k) + e{h){Z, k). 

The set of infinitesimal characters is denoted by and is endowed with a Lie algebra 
bracket: 

[Z, Z'] = Z Z' - Z' Z, for Z, Z' G 0^, 
where {Z * Z', h) = {Z ® Z' , A{h)). Notice that Z(l) = 0. 

For a finitely generated Hopf algebra, Gc is a Lie group with Lie algebra gc, and for 
any Hopf algebra and any the same is true at least formally. 

We recall that 5 = 0c © 0c double of 0c and the g^ is the graded dual of 0c. We 

consider the algebra Q6 = 6 ® A oi formal Laurent series with values in 6 

oo 

Q6 = {L(A) = ^ X^Lj \Lje6,N e Z}. 

j=-N 

The natural Lie bracket on Q6 is 

k i+j=k 

Set 

oo 

Q5+ = {L(A) = ^^^1 I ^ ^} 
-1 

VL5_ = {L(A) = J2 ^^^3 \Lje6,N e Z+}. 

j=-N 

Recall that for any Lie group K, a loop L{X) with values in K has a Birkhoff decom- 
position if L(A) = L(A)I^L(A)+ with L(A)l^ holomorphic in A"^ e - {0} and L(A) + 
holomorphic in A G — {c>o}. In the next lemma, G refers to G Kg 0* as in Prop. 12. 2[ 
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We prove the existence of a Birkhoff decomposition for any element {g, a) G QG. 

Theorem 5.3. Every {g, a) G QG = G'_4 ^Ad*^ 0^ has a Birkhoff decomposition {g, a) = 
((?_, a-)~^{g+, «+) with {g^, a+) holomorphic in A and «_) a polynomial in X^^ with- 
out constant term. 

Proof. We recaU that {gi,ai){g2,a2) = ((71(727 «i + Ad* ((71) (02)) • Thus 
((7, a) = ((7_, a_)^^((7+, a+) if and only if (7 = gZ^g+anda = Ad*{gZ^){—a^ + a+). 
Let g = gZ^g+ be the Birkhoff decomposition of g in G^ given in [U [TJ [15]. Set 
Q!+ = P+(Ad*((7_)(a)) and a_ = — P_(Ad*((7_)(a)), where P+ and P_ are the holo- 
morphic and pole part, respectively. Then for this choice of and a_, we have ((7, a) = 
((7_, Q^„)~^((7+, Note that the Birkhoff decomposition is unique. □ 

For a finitely generated Hopf algebra, we can apply Theorems 14.11 14.21 to produce a 
Lax pair equation on L6 and on the loop space of infinitesimal characters Lg. However, 
the common Hopf algebras of IPI Feynman diagrams and rooted trees are not finitely 
generated. 

As we now explain, we can truncate the Hopf algebra to a finitely generated Hopf alge- 
bra, and use the Birkhoff decomposition to solve a Lax pair equation on the infinitesimal 
character group of the truncation. A graded Hopf algebra H = (Bnen'Hn is said to be 
of finite type if each homogeneous component 7i„ is a finite dimensional vector space. 
Let B = {TjjjgN be a minimal set of homogeneous generators of the Hopf algebra H such 
that deg(Tj) < deg(T,) if z < j and such that To = 1. For z > 0, we define the C-valued 
infinitesimal character Zi on generators by Z-iiTj) = 6ij. The Lie algebra of infinitesimal 
characters g is a graded Lie algebra generated by {Zj}j>o- Let g*^'^^ be the vector space 
generated by {Zj | deg(Tj) < k}. We define deg(Zj) = deg(Ti) and set 



[Zi, Zj] 



[Z„Zj] if deg(Z,) + deg(Z,) < 
if deg(Zi) + deg{Zj) > k 



We identify ip G Gc with {(p(Ti)} G and on we set a group law given by {(pi(Ti)}(B 
{ip2(Ti)} = {{(pi-kip2){Ti)}. G^^) = {{(p(Ti)}{i\degiTi)<k} I ^ e Gc} is a finite dimensional 
Lie subgroup of Gc = (C^, ©) and the Lie algebra of G*^'^^ is q^'^\ There is no loss of 
information under this identification, as ip{TiTj) = (p[Ti)ip[Tj). 

Let 5^'''' be the double Lie algebra of g'-*'^ and let G^*^-* be the simply connected Lie group 
with Lie(G('=)) = 5^^^ as in Proposition 12. 2[ The following theorem is a restatement of 
Theorem 14. II in our new stage. 

Theorem 5.4. Let Ti. = (Bn'Hn be a graded connected Hopf algebra of finite type, and let 
i) : M^'^) ^ C he a Casimir function (e.g. i){L) = ^/^^,„(L(A)) = ResA=o(A'"^/'(A"L(A))) 
with ip : 5^^'' X 5''^'' C the natural paring of 5^^^ ). Set X = I{dip{LQ)) for Lq G LS^''^ 
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Then the solution in L5'^^'^ of 

(5.1) ^ = [L,M]^,(.), M = 
with initial condition L(0) = Lq is given by 

(5.2) L{t) = Adi^„)^?±(t) ■ Lo, 

where exp{—tX) has the Connes-Kreimer Birkhoff factorization 
exp{-tX)=g4ty'g+{t). 

Remark 5.5. (i) If Lq E L5, there exists k E N such that Lq E L5^'^\ Indeed Lq E L5 is 
generated over C[A, A~^] by a finite number of {Zi}, and we can choose k > max{deg(Zj)}. 

(ii) While the Hopf algebra of rooted trees and the Connes-Kreimer Hopf algebra of IPI 
Feynman diagrams satisfy the hypothesis of Theorem 15. 4^ the Feynman rules character 
does not lie in LG, as explained below. 

In the next sections, we will investigate the relationship between the Lax pair fiow L{t) 
and the Renormalization Group Equation. In preparation, we project from LS^''^ to Lq^''^ 
via TTi as in §4. 

Corollary 5.6. Let ^ be a Casimir function on L5^^\ Set Lq E Lq^^^ C L5^^\ X = 
7ri(/((i^/;(Lo))). Then the solution of the following equation in Lg^'^^ 

(5.3) ^ = [L,Mi]^g(.), Mi = 7ri(ii?(J(#(L)))) 
with initial condition L(0) = Lq is given by 

(5.4) L{t) = AdiG(^)^7±W ■ Lq, 

where exp(— tX) has the Connes-Kreimer Birkhoff factorization in Lq^''^ 

exp{-tX)=g4ty'g+{t). 

Remark 5.7. (i) For Feynman graphs, this truncation corresponds to halting calculations 
after a certain loop level. From our point of view, this truncation is somewhat crude. 
Q^'^^ is not a subalgebra of 0, and if k < i, g'^'^^ is not a subalgebra of Although 
the Casimirs iprn,n and the exponential map restrict well from g to g'-'^^ the Birkhoff 
decomposition exp(— tX) of X G Lg^'^^ is very different from the Birkhoff decompositions 
in Lg, Lg^^\ In fact, if g E G^'^^ has Birkhoff decomposition g = gZ^g+ in G, there does 
not seem to be f{k) E N such that g± E G^^^''^\ Nevertheless, in the last section we will 
follow standard procedure and present calculations of truncated Hopf algebras. 

(ii)It would interesting to know, especially for the Hopf algebras of Feynman graphs or 
rooted trees, whether there exists a larger connected graded Hopf algebra Ti' containing 
Ti. such that the associated infinitesimal Lie algebra Lie(G£) is the double 6. This would 
provide a Lax pair equation associated to an equation of motion on the infinitesimal Lie 
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algebra oiTi' . The most natural candidate, the Drinfeld double ViJ-i) of 7Y, does not work 
since the dimension of the Lie algebra associated to V{T-C) is larger than the dimension of 



In |1] , Connes and Kreimer give a Birkhoff decomposition for the character group of the 
Hopf algebra of IPl graphs, and in particular for the Feynman rules character v^(A) given 
by minimal subtraction and dimensional regularization. The truncation process treated 
above does not handle the Feynman rules character, as the Feynman rules character and 
the toy model character of the Hopf algebra of rooted trees considered in §8 are not 
polynomials in A,A~^, but Laurent series in A. Thus Corollary 15.61 does not apply, as in 
our notation log(</?(A)) G Qq \ Lq. This and Remark I5.7( i) force us to consider a direct 
approach in Qg as in next theorem. However, we cannot expect that the Lax pair equation 
is associated to any Hamiltonian equation, and we replace Casimirs with Ad-covariant 
functions. 

Definition 5.8. [17] Let G be a Lie group with Lie algebra q. A map f : g ^ g is 

Ad-covariant if Ad{g){f{L)) = f{Ad{g){L)) for all g E G, L E g. 

Theorem 5.9. LetTi he a connected graded commutative Hopf algebra with the associ- 
ated Lie algebra of infinitesimal characters with values in Laurent series. Let f '■ gA ^ 
be an Ad-covariant map. Let Lq E gA satisfy [/(Lo),Lo] = 0. Set X = f{Lo). Then the 
solution of 



which implies Ad{g^(t) ^gj^{t)) ■ Lq = Lq and Ad{g^(t)) ■ Lq = Ad{g+(t)) ■ Lq. Set 
L{t) = Ad{g±{t)) ■ Lo = g±{t)Log±{t)-\ As usual. 



S. 



(5.5) ^ = t^'^]' ^ = ^WW) 



with initial condition L{0) = Lq is given by 

(5.6) L{t) = AdGg±{t) ■ Lo, 

where exp{—tX) has the Connes-Kreimer Birkhoff factorization 
exp{-tX)=g4t)-'g+{t). 

Proof. The proof is similar to [T6l Theorem 2.2]. First notice that 
^(Adig^itr'g+it))-Lo) = -^(exp(-tX)Lo exp(tX)) 



= - exp{-tX)XLo exp(tX) + exp{-tX)LoX exp(tX) 
= exp{-tX)[X, Lo] exp(tX) = 0, 



dL 
'dt 



dg±{t) 
dt 



g±{t)-\L{t) 



so 



dL 1 \dgj^{t) 
It ~ 2 dt 



dg-{t) 



g~it)-\L 



it) 



dt 
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The Birkhoff factorization g+{t) = g^{t) exp(— tX) gives 



and so 



Thus 



^ = ^exp(-tX) + ,_(t)(-X)exp(-tX), 



2M = i?(/(L(t))) = i?(/(Ad(^74t))-Lo))=i?(Ad(^7_(t))-/(Lo)) 
= R{M{g^{t)) . X)) = -Ri^g^t)-') + ^(^^- W"') 



dt ' ' dt 

Here we use {^^^g±{t)-^){x) e A± for x e H. Thus f = [L, M]. □ 

f ■ Qa Qa is given by /(L) = 2A~""'"^™L, then / is Ad-covariant and [/(I/o), -^o] = 
[2A-"+2m^o,i^o] = 0. 

Corollary 5.10. Lei Ti he a connected graded commutative Hopf algebra with the Lie 
algebra of infinitesimal characters with values in Laurent series. Pick Lq G 0^ and set 
X = 2A-"+2™Lo. Then the solution of 

(5.7) ^ = [L, M], M = R{\-^+^^L) 
with initial condition 1^(0) = Lq is given by 

(5.8) L{t) = MG^g±{t) ■ Lq, 

where exp(— tX) has the Connes-Kreimer Birkhoff factorization 
exp{-tX)=g4ty'g+{t). 

Remark 5.11. Let if be the Feynman rules character. We can find the Birkhoff factor- 
ization of if itself within this framework by adjusting the initial condition. Namely, set 
Lo(A) = |A""2'"exp"^(y?(A)). Then exp(X) = by Prop. KM so the solution of flSTD 
involves the Birkhoff factorization (p = g„{—l)~^g^{—l). Namely, we have 

\ n— 2m 

^(-1) = Adc^^?±(-l)exp"i(^). 
6. The Connes-Kreimer /3-function 

The flow of characters usually considered in quantum field theory is the renormalization 
group flow (RGF). In contrast, the Lax pair flow lives on the Lie algebra of the character 
group. Since the /3-function of the RGF is an element of the Lie algebra of the C-valued 
characters, it is natural to examine the relationship between the Lax pair equations and 
the /3-function. In this section, we continue to work in the general setup of Hopf algebras 
and character groups. 
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Here we consider two flows for the /3-function. First, we extend the (scalar) beta func- 
tion of a local character (yj (see fl6.ip ) to an infinitesimal character (S^p (Lemma I6.6p . This 
"beta character" has already appeared in the literature: = XR{ip), in the language of 
[T5] explained below (Lemma 16.71) . but it seems worth highlighting. For certain Casimirs, 
we show that the beta character is a fixed point of the Lax pair fiow (Theorem 16.80 . 

It is more important and more difficult to consider the fiow of the /3-function itself. 
Namely, given a character (/?, we can set Lq = \og{(p) and study the /9-functions of the 
characters (p{s) = exp(L(s)). In Theorem 16. lUj we give a differential equation for 

To define the beta character, we recall material from [5|, [H [15] . Throughout this section, 
A denotes the algebra of Laurent series. 

Let 7i = Hn be a connected graded Hopf algebra. Let Y be the biderivation on Ti. 

n 

given on homogeneous elements by 

Y : Hn — ^ Ti-n, Y{x) = nx for x G Tin- 
Definition 6.1. [15] We define the bijection R : G_a — ^ 0^ by 

R(^) = ip-^ i.{ipoY). 

Consider the semidirect product Lie algebra = x C ■ Zq, where Zq acts via [Zq, X] = 
X oY for X E Let {9t}t£C be the one-parameter group of automorphisms of Ti. given 
by 

9t{x) = e"'*^, for x G 7Y„,. 
Then (f h-> y9 o 6'i is an automorphism of G^. Let Gyi be the semidirect product 

= X C, 

with the action of C on G^ given hj ip ■ t = (p o 6^. G^ has Lie algebra g^. 

We now define a second action of C on G^. For t G C and (/? G G^ we define (/9*(x) on 
an homogeneous element x G by 

V.*(x)(A)=e*^Nv.(x)(A), 

for any A G C, where |x| is the degree of x. 

Definition 6.2. Let 

(6.1) = {v. G Ga I ^(^*)- = 0}, 

be the set of characters with the negative part of the Birkhoff decomposition independent 
of t. Elements of G* are called local characters. 

The dimensional regularized Feynman rule character ip is local. Referring to [5l[8], the 
physical meaning of locality is that the counterterm ip_ does not depend on the mass 
parameter = 0. 
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Proposition 6.3 ( [3 [151 [8] ) . Let e G% Then the limit 

F^it) = ^mcp-\X)^cp\X) 

A — >^U 

exists and is a one-parameter subgroup in Gj^ fl Gq of scalar valued characters ofTi. 
Notice that {ip-^{X) ip\\))iV) e A+ as 

Definition 6.4. For ip G G^, the /?-function of is defined to be = — (Res(v2_)) oY). 



We have [5] 



t=o ^- 



where -F<^-i, the one-parameter subgroup associated to ipZ^, also belongs to G*. 

To relate the /3-function /3<^ G gc to our Lax pair equations, which live on g_4, we can 
either consider gc as a subset of g^, or we can extend to an element of Qj^. Since gc is 
not preserved under the Lax pair fiow, we take the second approach. 

Definition 6.5. For G G% x E H, set 

/3,(x)(A) = ^ (v.-i*(^*)(x)(A). 
at t=o 

The following lemma establishes that (3 is an infinitesimal character. 

Lemma 6.6. Let (p G . 

i) P,p is an infinitesimal character in g^. 

a) is holomorphic (i.e. P^{x) G for any x). 

Proof, i) For two homogeneous elements x,y ETi, we have: 

^^(xy) = e'\^y\M^y) = e*I^IV(a:)e*I^IV(l/) = ^\x)cp\y). 
Therefore ip-k ip'^ E G^. Since (p~^ * = e we get 



d 
It 



if ^ * v^* G g^. 

t=o 



ii) Since = 0, we get 



dt ^ 
Then 

Therefore P^{x) G A+. □ 
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Lemma 6.7. If E then 
(t) = XRiif), 

(ill) /3^_(x)(A = 0) = -p^{x). 



Proof, (i) For A(x) = x' ® x", we have 



/3^(x)(A) 



t=o at 



t=0 



= ip-\x')\ ■ degix")ip{x") = \ip-\x')ip o Y{x") = ^ ((^ o Y)){x) = A^((^)(x). 

(ii) The cocycle property of i? [8], -R(</)i -k = -R(02) + <p2^ * R{4'i) * 02, imphes that 
(6.2) A^((^) = \R{^Z^ ^ <^+) = \R{v+) + <^;^ * A^((^Z^) * 

Since R{f+) = (f^'^-k{Lp+ oY) is always holomorphic and since \R{^Z^) = Res((^:^)oF = 
— Res((y9_) o Y = P hj [ISl Theorem IV.4.4], when we evaluate (16.21) at A = we get 
/3(^)|,^„ = Ad((^;i(0))/3. 

(iii) The Birkhoff decomposition of = ((/?_)l^ -k is given by (f^)^ = ^pZ^ and 
(^„)+ = e. By definition, = -Res(((p_)_)oF = -Res((/7:^)or = Res(^_)oF = -f]^. 
Applying (ii) to ip-, we get 



A=0' 



□ 



If G G^, the Lax pair equation in Corollary 15.101 for Lq = (3^ is 



(6.3) 



^/3^(s) = [/3^(s),M], 



where M = R{X ^'^'^"^ l3^{s)) and the solution is given by 
(6.4) P^{s) = Ad((7+(s))/3^(0) 

for g±{s) given by the Birkhoff decomposition exp(sA~'^"''^'"/?^) = gZ^{s) -k g_^.{s). 

The next theorem shows that the /3-function is a fixed point of the Lax pair flow for 
certain Casimirs. Of course this is not the same as having the /3-function a fixed point of 
the RGF. 



Theorem 6.8. PJs) and therefore PJs) = Ad((/?+(s) ){Pu,(s] 

A=0 

the Lax flow if —n + 2m > 0. 

Proof. We drop s from the notation. If —n + 2m > then 



are constant under 



A=o 



M = i?(A-"+2m^^) = A-^+^'^z^, 
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since is holomorphic by Lemma 16.61 and Theorem 17. 1[ (The proof of this Theorem is 
independent of this section.) So the Lax pair equation becomes 

□ 

Now we consider the more interesting case of the flow of the /5-function of expo- 
nentiated infinitesimal characters. We first establish some simple properties of v?*. 

Lemma 6.9. Let Lp E G^. 

(i) {ip-k ipy = -kii)^ , 
(n) i^-y = 

Proof. We have 

(x) 

= ^e*(l"'l+l""l)V(a;')^(2;") = e*l"'IV(a;') e*l""IV(a;") = ^\x')^Ij\x") 

(x) 

Therefore 

so (if-y = {ip^y\ □ 

The exponential map exp : Gj^ is a bijection. Therefore, we can transfer the Lax 

pair flow on to a flow on G_4, and study the associated flow of beta characters. 

Theorem 6.10. Let ip e G% Let 

i^{s) = ms),M] 

be the Lax pair from Theorem \5.9\ with ip{0) = ip = log(v9). Let ip{s) = exp('?/;(s)). For 

^{s)-'^{^{.s)Y, 



- It 



t=Q 



we have 



(6.5) '^^'^^'^ " [Pf{s),^ ^(s) *rfexp[logv2(s),M]] 

+A((p"^(s)*rfexp[log^(s),M]) oK 
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Proof. Omitting some stars, we have 



ds 



ds dt t=o 
d 



dt 
d 
di 



i=0 



-if ^{s)dexpilj{s)(p ^{s)(p\s) + (p ^{s){dexpii{s)y){x) 



-^-\s)dexp[tlj{s),M]^^^s) + , y~\s){dexp[iP{s),M]y){x). 



t=o 



(6.6) 

The last term in fl6.6p is 



d 



i=0 



{^^\s)idexp[ijis),M]y) (x) 



d 
dt 
d_ 
dt 



t=o 



{^~\sMsY{v{syr\dexpms), M]Y) (x) 



^^^{^~\sMsY) {{^{sY)-\dexp[i;{s),M]Y) ^Jx) 



{v-\sMsY) 



d_ 

t=Q dt 



{{^{s)-'Y{dexp[i,{s),M]Y) (x) 



d 



/3^^s)^i^is)-'dexp[^Pis),M])J (x) + - ^^^{{^{s)-\dexp[^P{s),M])Y) (x) 



f3^{s) * {ip{s)-^dexp[ilj{s), M]) j (x) + |x|A {^{sy\dexp[tlj{s), M])) (x) 
P^is)*{f{s)-^dexp[ij{s),M])^ (x) + {\{v{s)-\dexp[i,{s),M])) oY) (x) 
Substituting back into (16. 6p we get (16.51) . 



□ 



Corollary 6.11. Let ip G G% Let i){s) = [M,tlj{s)] be the Lax pair from Theorem \5.9[ 
with '0(0) = = \og{(p). Let ip{s) = exp{ip{s)) and assume that ip{s) G for all s. 
Then 

^/?^(,) = Ad((/.(s)+(0)) ([/3^(,),</.-i(s)^rfexp[log(</.(s)),M]] + 
+Res {{'f~\s) * c/exp[log((^(s)), M]) oY)) . 



A=0 



Proof. This follows from the previous Theorem and Lemma 16.71 



□ 



Remark 6.12. In general, if G does not imply ip{s) = exp{ilj{s)) G for all s (see 
Theorem 17.141) . A simple example with ip{s) G G* is given by a holomorphic ip (i.e 
(/?(x) G A+) with —n + 2m = 0. Indeed (</?*)- = e as is holomorphic, so (v?*)- does 
not depend on t. From the Taylor series of the exponential, exp(— s log((/?)) has only a 
holomorphic part so g^{s) = e. Therefore the solutions ip{s) of the Lax pair equation are 
constant, so ip{s) = ip{0) G G*. 
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7. The Lax pair flow and the renormalization group flow 

The Lax pair flow lives on the Lie algebra gyi of infinitesimal characters, while the beta 
character flow is on the Lie group of characters. Theorem 16.101 and Corollary 16.111 
show that under the exponential map exp : g_4 Gj^, the corresponding flow of beta 
characters and /5-functions are not in Lax pair form. The main point of this section is 
that the bijection : q^a G_a of [15] is much better behaved: under R~^, local 
characters remain local under the Lax pair flow (Theorem 17. 5p . and the beta characters 
and the /3-functions satisfy Lax pair equations (Theorems 17.71) . In contrast, we give 
a rooted trees example of the nonlocality of the Lax pair flow of characters using the 
exponential map. 

7.1. The pole order under the Lax pair flow. To begin, we investigate the depen- 
dence of the pole order of the Lax pair flow L{t) on the pole order of the initial condition 
Lf) and the Casimir function (e.g. the functions ipm,n)- In the rooted trees case, the com- 
putations are considerably simplifled using the normal coordinates of [3], which we refer 
to for details. 

Let H be the Hopf algebra of rooted trees and T the set of trees. We choose a order 
on T = {tjjiGN, such that deg{ti) < deg{tj) for any i < j and such that h{ti) > h{tj) for 
any trees ti,tj with deg{ti) = deg{tj) and i < j. Here deg{t) is the number of vertices of 
t, and h{t) is the height of the tree t, the length of the path from the root to the deepest 
node in the tree. For example, we can choose 



^0 — Ir, 



tl — ^2 — I; ^3 — i ^4 — A, ^5 — ^6 — ^7 — ^) ^8 — ^ 



We recall that the exp : is bijective with inverse log : G^ given by 

k=l 

Set /o = It and let {/ijigN* be the normal coordinates, i.e. fi is the forest in H satisfying 

log(^)(t,) = (^-^)(/.), 
for every character (p. For example, 

/i = ., /2 = i-^.., /3 = i-.I+i.^ /4 = A-.I+i.^ 

2 6 6 



[_ 1,2 o. 1 . „ .3.1 



/5 = 

For a ladder tree t, the forest / given by \og{ip){t) = {ip — e){f) for every character ip, 
is a primitive element of the Hopf algebra H. 

We identify ip G with {</?(/«) }ieN ^ and call the ^{fi) the i-component of ip. 
Since ip{fo) = 1 for all (/?, we drop the 0-component. 
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We use Sweedler's notation for the reduced coproduct A(x) = x' ® x", where A(x) = 
A(x)— x(S)lr — Ir®^:. Notice that deg(x') + deg(a:") = deg(a;) and 1 < deg(a;'), deg(x") < 
deg(a;). For x 7^ Ir and A(x') = (x')' ® (x')", we have 

{{(pi(p2)(pi^){x) = {{(pi(p2) (Pi^,x It + It X + x' x") 

= {<^1<^2){X) + <^i\x) + {<^i<^2){x')'^i\x") 

= (/?i(x) + Lp2ix) + Lpi{x')ip2ix") + ^i^ix) + (<^i(x') + V52(a;') 

+^l((x')')^2((x')"))^r'(^") 

= ip2ix) + y?i(x')(^2(a;") + (^i(x) + ip^\x) + ipi{x')ip^\x")) 

= ^2{X) + ^1(X')^2(X") + ^2{X')^I\X") + ^i((x')')^2((x')")^r'(^") 

Differentiating with respect to ip2 and setting L = (p2 gives the adjoint representation: 

(7.1) Ad(^i)(L)(x) = L{x) + ^r{x')L{x") + L{x')^^{Sx") 

+^,{{x')')L{{x')")^,{Sx"), 

where S is the antipode of the Hopf algebra. 

Theorem 7.1. i) If the initial condition Lq G is holomorphic in X, then the solution 
L{t) = Ad((?+(t))Lo of the Lax pair equation is holomorphic in X. 

a) If Lq G QyX has a pole of order n, then L{t) = Ad{g^(t))LQ has a pole of order at most 
n. 

Proof. By (17. ip . we have 

(7.2) Ad((7+(t))(Lo)(x) = Lo(x) + (7+(t)(x')Lo(x") + Lo(x')^7+(t)(5x") 

+g4t){{xy)Lo{{xr)9-,mSx"). 

Notice that g+{t){x) is holomorphic for x E H . If Lq is holomorphic, then every term 
of the right hand side of (17.21) is holomorphic, so Ad((7+(t))(Lo) is holomorphic. Since 
multiplication with a holomorphic series cannot increase the pole order, L{t) cannot have 
a pole order greater than the pole order of Lq. □ 

We can also use normal coordinates to measure the nontriviality of the Lax pair flow. 

Theorem 7.2. If fi is a primitive element of H (e.g. fi corresponds to a ladder tree), 
then the i-component L{t){fi) of the Lax pair flow is does not depend on t. 

Proof. It is shown in [3] that ip~^{fi) = —ip{fi), for every character ip and i > 1. Since fi 
is a primitive element, the inner automorphism Cg : G^, Cg{h) = ghg~^, satisfies 

Cg{h)if,) = gif^ + hif,) - g{f,) = h{fi). Therefore {Ad{g)LQ){f,) = (Lq),, where (Lq), is 
the i-component of Lq. □ 
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Thus everything of interest in the Lax pair flow occurs off the primitives, e.g. the normal 
coordinate corresponding to A is the first component in the Hopf algebra on which the 
Lax pair is nonconstant. 

7.2. The Lax pair flow, the RGE flow, and locality. We now investigate whether 
the Lax pair flow can ever be identified with the RGF. Some identification is necessary: 
the RGF ((y9*)+(A = 0) lives in the Lie group of characters Gq, while the Lax pair flow 
L{t) lives in a Lie algebra To match these flows, we can transfer the Lax pair flow to 
the Lie group level using either of the maps and exp, namely by defining 

(7.3) cpt = R~\L{t)) and Xt = exp{L{t)) 

and then setting A = 0. 

The most naive hope would be that (ft or xt coincide with the RGF ip^, perhaps after 
a rescaling of the parameter t. We shall see that this fails even in the trivial case. As 
usual, we take A to be the algebra of Laurent series. 

Proposition 7.3. On a commutative, cocommutative, graded connected Hopf algebra Ti, 
ipt (p* and Xt ^ V'*- 

Proof. If R{p)^) = L{t) then by Definition EH 

(^*oF)(r) = (^*^L(t))(r) 

for every F G 7Y. For a primitive homogenous element F G Tin we get 

(7.4) |F|el^l*V(r) = el^l*V(r)^W(l) + e'^^^^\{T)L{t){T). 
Therefore 

L{t){T) = |F|el^l*V(r)- 
Since 7i is cocommutative, its Lie bracket is abelian. Thus the left hand side of fl7.4p is 
constant in t, while the right hand side is not. 

The same argument works for Xt onTi. □ 

In a positive direction, we will show that locality of characters is preserved under the 
Lax pair flow, using the identification given by R. This indicates that R is more useful 
than the exponential map. 

Recall from [151 Theorem IV. 4.1] that \R : — * QJ^ restricts to a bijection from G* 
to Qa+1 where q_a+ is the set infinitesimal characters on Ti with values in Aj^. In this 
sense, \R is better behaved than i2, as the following locality result shows. 

Proposition 7.4. For a local character ip G G\, let L{t) he the solution of the Lax pair 
equation ( (5.5]) with initial condition Lq = XR{ip) and any Ad- covariant function f. Let 
Tt be the flow of characters given by 

n = {XRr\L{t)). 
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Then is a local character for all t. 
Proof. By [8], 

Taking ^ = g+(t)~^ and multiplying by A, we get 

Since G and g{t)^^ is an element in without polar part, by [15l Lemma IV. 4. 3.], 
^ -k g{t)*^^ is local. Thus \R{lp -k g^(t)"^) E A+. We have g{t)^^ E G% simply because 
g{t)^^ does not have a polar part, so \R(g{t)^^) is holomorphic. It follows that 

n = {XR)-\Ad{g4t))L,) = {XR)-\g^{t)^Lokg4t)-') E 

□ 

We can now show that locality of characters is preserved under the Lax pair flow via 
the R identification. 

Theorem 7.5. For a local character if E G*, let L{t) be the solution of the Lax pair 
equation (15. 5p for any Ad- covariant function f , with the initial condition Lq = R{(p). Let 
ipt be the flow given by 

ift = R~\L{t)). 
Then ipt is a local character for all t. 

Proof. We show that the flow tj constructed in the previous Proposition with the initial 
condition Lq = XR{if), for the Ad-covariant function /i : 0^ ^ given by h{L) = 
f{X~^L), is equal to the flow (pt constructed for the Ad-covariant function /, with the 
initial condition Lq = R{(p). We have 

Tt = (Ai?)"i ((7+(t) ^ XR{v) * g~\t)^ = R~' ^ R{v) * g~\t)^ , 

where g+{t) is given by the Birkhoff decomposition of 

exp{-tf{R{ip))) = exp{-th{XR{ip))). 

Therefore the two g+{t) involved in the definitions of (ft and Tt coincide, so (pt = Tt. □ 

In contrast to Theorem 16. lOj it is immediate that the flow of beta characters associated 
to R is in Lax pair form. 

Lemma 7.6. For a local character ip E G* , let ipt be the flow from Theorem 7.5. Then 
(7.5) % = [/3..,M], 
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Proof. By Lemma 6.7, we get = \R{ipt) = XL(t). Then 
dp^, _ d{XR{ipt)) _ XdLit) 
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dt 



dt 



dt 



\[L{t),M] = %,,M]. 



□ 



The corresponding /^-functions also satisfy a Lax pair equation. 



Theorem 7.7. For a local character (p G G*, let L{t) he the Lax pair flow of Corollary 
5.10 with initial condition Lq = R{<f). Let (ft = R~^{L{t)). Then 

(i) for —n + 2m >1, ft = f and hence P^p^ = for all t. 

(ii) for —n + 2m < 0, G gc satisfies 



dt 



Proof. By Theorem 7.5, ipt are local characters, so by [13 Theorem IV.4.], P^^ = \L{t) 
XR{(pt) is holomorphic. 

(i) If —n + 2m > 1, then A~""'"^'"L(t) is holomorphic, which implies 

L{t) satisfies the Lax pair equation 
dL 

H 

Thus L{t) = Lq for all t, which gives (ft = R~^{L{t)) = R~^{Lq) = ip for all t. 
iii] For —n + 2m < 0, we have 



[L,M] = [L, A-"+2''"L] = A-"+''"[L,L] = 0. 



n+2m \ 



M 



i?(A-"+'™L(t)) = A-"+''"L(t) -2P_(A~"+'™X(t)) 

A~"+2m-l^^^ - 2P_(A'"+2m-l^^j_ 



fl7.5p becomes 
dP^t 



dt 

Expand P^p^ as 
Then 



2[/3^„P„(A- 



-n+2m— 1 



~P^,)] = -2[P+(A- 



-n+2m— 1 



n—2m+l 



P_(A 



-n+2m— 1 



fc=0 



dt 



-2 



n— 2m 



5^ p,{t)x'--^'"^~\ ^^(t)x^ 

.k=n-2m+l j=0 



and evaluating at A = gives 
dPo{t) 



(7.6) 



dt 



-2m+l {t),Poit)]=2[Poit),Pn -2m+l it)]. 
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Using the facts that Ad{g) is a Lie algebra homomorphism and {d/dt)Ad{g{t))X 
= [{dg{t) /dt)g~^{t), Ad{g{t))X] (see the proof of Theorem ED , we get 



dp. 



d 



dt 

(7.7) = 



dt 



Ad(^,)(/3o(t)) 



((^,)+(0))-\Ad(^,)(/3o(t)) 



dt 
dt 



dpoit) 
dt 



((^*)-t-(o))-\A 



ft 



Ad((^i)+(0))/3o(t),Ad(((/.i)+(0))/3„_2™+i(t) 



dt 



2Ad((^,)+(0))(Res(A-"+2"^-%J 



since /3n-2m+i(i) = Res(A^ 



-n+2m-2 



ft J 



□ 



Local characters satisfy the abstract Renormalized Group Equation [9j, which we now 
recall. For a local character ip G G*, the renormalized character is defined by </?rcn(i) = 
(V^*)+(A = 0). 

Theorem 7.8. For ip G G** , the renormalized character ipj-^n satisfies the abstract Renor- 
malized Group Equation: 



d_ 
dt 



Here our parameter t corresponds to e* in [9]. 

In light of Theorem 17.51 we can ask for the relation between {ft)rcn{s) and fren{s) 
corresponding to (ft and ip. In §9, we consider a toy model character on a Hopf algebra 
of rooted trees and show that these renormalized characters differ. 

We can also show that for certain initial conditions, the flow Tf is constant. 

Proposition 7.9. // € and ifs^ = e (i.e. ip has only a pole part), then the flow Tt 
of Proposition fZ^l for the Ad- covariant function f{L) = X~"-~^'^"^L has Tt = ip for all t. 

Proof. If we show that either g±{t) = e, then 

n = {XRy {g±{t) ^ XR{v) ^ g^ity') = {XRy' {e * XR{^) * e-') 
g±{t) are given by the Birkhoff decomposition of 



ip. 



(7.8) 



g{t) = exp(-2tA 



-n+2m 



°° I o+\—n+2m\k T k 

Lo) = J2 — 

k=0 



where Lq = XR{(p) G Qc [13 Theorem IV. 4. 4]. We split the problem into two cases 
depending on the sign of — m + 2n. If —m + 2n > 0, then g{t){x) G for any x, which 
implies g-^{t) = e. Similarly, if —m + 2n < 0, then g{t){x) G for any x, which implies 
g+{t) = e. Notice that the right hand side of (17. 8p is a finite sum, namely up to /c = deg(x) 
when evaluated on a; G 7i. □ 
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We next study the locality of the flow Xt defined in (17.31) for the usual Lax pair flow 
L{t). . Thus for an initial character and Lq = log{(p), 

Xt = exp{g+{t) -k Lo -k g+{ty^) = g+{t) -k exp{Lo) -k g_^{ty^ = g+{t) k ^ k g+{t)-^ , 

with Xo = V^- As before, in normal coordinates Xt is trivial on primitives. 

Lemma 7.10. If E and fi is a primitive element, then Xt{fi) does not depend on 
t. 

Proof. xt{fi) = 9+{tm) + ^{fi) - g+{tm) = m)- □ 

We now present some calculations showing the interplay between the Lax pair flow and 
locality. 

For the first example, we construct a nontrivial Hopf subalgebra on which xt is local. 
Let be the Hopf subalgebra generated by the following trees 

to = Ir, ^1 = •, ^2 = I; ti = A, 

together with any set of ladder trees. The first normal coordinate of Xt fo depend on t is 
/4, corresponding to A. Let be the group of characters associated to the H^. 

Proposition 7.11. For ip G G^*, let Xt be the flow of characters on given by 

Xt = exp(L(t)), 

where L{t) is the solution of the Lax pair equation \5. 5]) for any Ad- covariant function 
with the initial condition Lq = log{ip). Then Xt is local for all t. 

Proof. Let vr denote the projection to the pole part of a Laurent series. By [3], A(/4) = 

/l ® /2 - /2 ® /l, SO 

(x?)4/4) = -^(x?(/4) + ixt)Mi)xtif2) - ixDMMifi))- 

Subtracting from this equation the corresponding equation for t = 0, and remembering 
that Xti.fl) and Xt{f2) do not depend on t by Lemma 17.101 we get 

(x?)-(/4) = (^14/4) - vr(x?(/4) - V'if,))- 

We have 

Axtif^) - X'if,)) = n{e''^{-2g^m2Mfi) + 2g^{t){f^Mf,))) 

= 7r( - 2^7+(t)(/2)7r(e3^>(/i)) + 2g4t){fr)7r{e''^^{f,))) . 

Since if E G'/, both 7r(e^V(/i)) = -(v^Mi) and vr(e2^V(/2)) = -(^^^2) are 
independent of s. By rescaling s, 7r(e^''^(/?(/i)) and 7r(e^'^'^(/)(/2)) are independent of s. 
Therefore 7r{xt{fA) — (p^ifi)) is independent of s, which finishes the proof. □ 
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Remark 7.12. We can apply the previous proposition to the Hopf subalgebra of Feynman 
diagram generated by the empty graph and the graphs 



and with ip the Feynman rules character. The characters Xt restricted to this Hopf algebra 
are all local. 

To investigate how xt fails to be local on a non-ladder tree with a larger number of 
vertices, we consider the Hopf subalgebra Ti^ generated by 



to = Ir, h = ., t2= I, ts = 1 h = A, te = f^, t-r = k, h = A 

together with any set of ladder trees. Let /j be the corresponding normal coordinates. 
The next lemma gives the pole order of a local character ip G on primitives. 

Lemma 7.13. If ip is a local character and fi is primitive, then both ip{fi) and Lolfi) = 
\og{(p){fi) have a pole of order at most one. 

Proof. If deg(/j) = d and (p = YlhL-n'^k^^ is the Laurent expansion of (p, then 

i^n-Ud = -T^ie'^Mm = -7r(^_„,(/.)A-" + (^_„(/.)5ci + ^-n+i(/0)A-"+^ + o(A-"+2)) 

If (fi has a pole, then (pt = ^- implies —n + 1 = 0. □ 

Proposition 7.14. Let (p be a local character on IH? and let Xt be the flow of characters 
given by 

Xt = exp(L(t)), 

where L{t) is the solution of the Lax pair equation h5. 5\) with the initial condition Lq = 
log{(p). Then Xt is local on Ti^ for all t if and only if either 

(7.9) ^4/1) = or 3vp4/i)(v^+(/2)L=o) = ^-(/2)(^+(/i) L=o)- 
The point is that (17. 9p is unlikely to hold. 

Proof By [5], 

A(/8) = ® /4 - ® /l - Ifl ® /1/2 - ^/l/2 ® /l + ^/l/l ® /2 + ® /l/l. 

Since (x?)-(/4) does not depend on s (Prop. I7.1ip and since Xti.fi) and Xtifi) do not 
depend on t, after cancelations of terms involving only the primitives /i and /2, we get 

(7.10) {xl)-{h)-{v')-{h) 

(7.11) = -i^(xl{h)-v\h) 
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By Lemma [7.131 v^(/i) and v^(/2) have poles of order at most one. Set 

oo oo 

'^(/i) = Yl ^^^^ '^^^2) = bkX^. 

k=~l k=-l 

From the proof of Proposition 17.111 

(7.12) xtiU) - ^\U)) = e'^\-2g^{t){h)^{h) + 2g^{t){h)^{h)) 

We have g^{t){fi) = exp{-2t\-''+^'"Lo)_{fi) = -7r(-2t(^(/i)) = 2ta^i\-\ and 
g+{t){fi) = -2t{ao + aiA + o(A2)). Similarly g^{t){f2) = 2tb^iX~K fTmj) becomes 
Xtih) - V'iU)) = 4te3^^((-6_iao + a^ibo)\^^ + o(A°)), which implies 

vr(^^-(/i)(x?(/4) - ^'(h)) - lv'{mxt)-{h) - v-ih))) 

= ^7r((-a_iA-ie3^^(4t((-6_iao + a_,bo)X~' + o(A°)))) 

-^7r(e^^(a_iA-^ + o(A°))(4t)(-l)(-6„iao + a_i6o)A-^) 
= -12sta_i(-6„iao + a_i6o)A"^ + P(A~^), 
where P(A~^) is some polynomial in A~^ independent of s. We get 

(7.13) 7r{xt{fs)-^'{fs)) 

(7.14) = n{e''\{-3g4t){h)g+m2) - 3g^{t){fs)Mf,))) 

+37r{e'^\g^{t){h))Mf2)) + vr(3e^^V(t)(/i)^(/4)) 

Since (/'(/i) and (f{f2) have poles of order at most one, the first two terms of the right 
hand side of fl7.13l) do not depend on s. Since ip G G^, 

^'.{h) = -7r(e3^V(/4) + ¥.-(/i)e'^V(/2) - ^-(/2)e^V(/i))) 

is independent of s, and so 7r(e^'*^v9(/4) — a_i6_isA~^) is also independent of s. By rescaling 
s, 7r(3e'^*^v9(/4)— 4a_i6„isA"^) does not depend on s. In conclusion, the terms independent 
of s in -(x?)-(/8) + (<^')-(/8) are 

— 12sta_i(— 6_iao + a_i6o)A~^ + Aa^ib^isX^^ (—2tao) . 

Therefore xtifs) is independent of s if and only if either a_i = or 3a_i6o = o,ob-i- 
Similar computations hold for the normal coordinates /g and fj. □ 

Remark 7.15. The choice —n + 2m = in the Proposition is just for the sake of concrete- 
ness. A more detailed analysis reveals the following: 

- If — n + 2m > 1 then Xt is local on Ti.^ without any additional conditions. Indeed, 
in this case Lq^/i) and Ivo(/2) are holomorphic and thus g^{t){f\) = g-{f2) = 0. 
which implies that Xtifi) ~-^o(/4) = for every t. By fl7.10p we get that {Xt)~ifs) 
does not depend on s. Similar statements hold for /e and fj. 
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- If —n + 2m = — 1, the situation is similar to Proposition 17.141 namely Xt is local 
on Ti^ if and only if 

^_(/l)(^+(/2)L=o) = ^-(/2)(^+(/l)L=o) 

and either 

<^_(/i) = or 3y„(/i)( = ip4f2){ 1,^,). 

For —n + 2m G the flows Xt and L(t) gain locality, in the sense that they become 
constant on larger Hopf subalgebras as —n + 2m increases. Indeed, Xt and L{t) are 
constant on the Hopf algebra generated by the primitives (e.g. the normal coordinates 
associated to ladder trees. In contrast, if we decrease —n + 2m < 0, we preserve locality 
only when an increasing number of conditions are fulfilled. 

7.3. The Lax pair flow of the /3-function. Recall from §6 that the beta characters for 
the exponentiated Lax pair flow exp(L(t)) do not themselves satisfy a Lax pair equation. 
In the next theorem, we reverse this procedure by taking a Lax pair flow L{t) starting 
at the /5-function of a character, and then producing characters C,t whose /3-functions are 

Theorem 7.16. Let ip G and let L{t) be the flow given by Theorem \5.9[ with the initial 
condition Lq = P^. Let = (-^-^)~^(-^(^)|;^_o)- Then is local for all t. The (3-function 
of C,t satisfies 

Moreover, ^(0) = 

Proof. Since Lq = [3^ is scalar valued, by Theorem 17.11 Lit) = Ad{g-^(t)){Lo) is holomor- 
phic. Therefore. L(t) can be evaluated at A = 0. L{t)\^_^ is also scalar valued, so by 
[151 Theorem IV. 4. 4], C,t G G*., the set of local characters taking values in A~^C[A~^]. In 
particular, is local. By Lemma W77[ (3^^ = {XR){^t) = Lt\^^Q, so /3^^ must be constant 
in A. This implies 

It follows from the Connes-Kreimer scattering formula [3 [15] that ^(0) = □ 

8. Worked examples 

In this section we give some explicit computations on two Hopf algebras which illustrate 
results in previous sections. We first consider the Hopf algebra generated by the 
following trees: 

^0 = Ir, ^1 = h = I, ^4 = A, = A, 
and the regularized toy model character ip = (p{q, /i. A) (see [121 [S]) given on trees by 

^(T)(g,/.,A) = (g^)"'"^^(^)n^-(T.)(A). 
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Here the product is taken over all vertices v of the tree T, w{Ty) is the number of vertices of 
the subtree T^, of T which has v as a root, and Bj{\) = B{jX, 1—jX) for j G N*, with B the 
Euler beta function. Referring to [8] , g is interpreted as a dimensional external parameter, 
and fi is the 't Hooft mass, ip has enough similarity of realistic QFT calculations to be 
worth considering [2], [6l [121 Set b = q/fi and a = log(6). Thus terms in a (or 

log(g^//i^) = 2a as in e.g. [H]) are the leading log terms in the various expansions. 
We have ^(.) = b~^Bi{X), if{l) = b-^^B2{X)Bi{X), ip{A) = b-^^B3iX)Bi{X)\ = 
6~'^^i?4(A)i?i(A)^, etc. In the normal coordinates fi, the Laurent series of (p{fi) (cf. [3]) 
are given by 

1 

^{fi) = j-a + o{X), <^(/2) = — + o(A), 

^(/4) = ^-^ + o(A), ^(/8) = Y^-^ + «(A). 

The character (yj is local, and the Lax pair flow on ipt = R~^iL{t)) as in Corollary 
I5.10[ with L{t) = Ad{g±{t))Lo, —m + 2n = 0, and initial condition Lq = R{ip) is given by 

7r2(l + 6t) _ 7r2(2 + 15t + 9t2)a 
¥>tU8) - 12A2 6A 

+ (71^(83 + 288t + 126^2) + 12(8 + 51t + 27^2)0^) + o(A). 

The flow L{t) has poles of order at most one: 

Htm = X - « + ^(^)' = T + ^(^)' 

L(t)(/4) = ^ + (-TT^ - A7TH)a + o(A), 

^ = -2(vr^t(2 + 3t)a) ^ ^ ^ ^1^2) + g^^g + 9^)^2) ^ 

A 

This confirms that XL{t) = {XR){ipt) = /3<^t is holomorphic, which implies that ipt is local 
on Ti.^. It can be explicitly checked that {^pf)^ does not depend on s: 

n^{l-m) , 37r^t(l + t)a 

MMs) = + . 

The Connes-Kreimer /3-functions P^p^ = —Iies{(ft)- ° Y are: 

Mfi) = l, P^Af2) = 0, /3^,(/4) = -y + 2A p^^(f,) = -QnH{l + t)a. 



28 GABRIEL BADITOIU AND STEVEN ROSENBERG 

The associated RGFs (v5t)rcn(s) = (v9^)+k „, which all satisfy the abstract RGE, are 



IA=0' 

^2 



TT 

{ft)ren{s){fi) = (s - o), (ift) ren{s) {f2) = —, 



71^ 

{ft)ren{s){U) = — (s + 24st - (1 + 16t)a), 

(ift)ren(s)(f8) = —( 125^ + TT^ ( 1 1 + 136t + 84^^) - 24s (1 + 20t + 24^^)0 + 12 (1 + 22t + 18t2)a2) . 
96 

Thus in this model there is a polynomial dependence in t of the leading log terms in each 
of L{t), [3^p^ and {^t)rcn^ although the first diagram with a nonzero leading log term differs. 
By the recursion formula in [TU (26)], the next to ... leading log terms in the Green's 
functions will then also depend polynomially on t. We conjecture that this polynomial 
dependence extends to the Feynman rules character on the full Hopf algebra. 

We emphasize that the Renormalized Group Flows (<y5t)rcn and <y5rcn(s) = (v't)rcn(s) 
of the characters ipt and ip are different. While ipt{fi),^t{f2) are independent of t, we 
have 

(8.1) ^tifs) = ^(/s) - 4t(^_(/i)(^(/2) - (^4/2)^(/l). 

We have used (ft = -R^^(Ad(5f_(t))i?(<y9)) for this calculation, since it is easier to extract 
the pole part of a Laurent series than the holomorphic part, but we could also use ipt = 
{Ad{g^{t)) R{(p)) . In this case, we get 

(8.2) cptih) = cpih) - Ati(pMiMf2) - Mf2Mfi)- 

As a check, we verify that (18. ip and (18.21) are equal. Let it denote the projection onto the 
pole part of a Laurent series. Then 

^AhMf2) - Mf2Mfl) = (^(/l) - 7r((p(/i))^(/2)(^(/2) - 7r{(p{f,)Mh) 

= -Tti^fifMh) - (-7r(^(/2)))^(/i) 

= </'-(/l)^(/2) - V'-(/2)v'(/l). 

The computations for the character xt in ( 17. 3p associated to the toy model character ip 
with —n + 2m = give 



(x?)-(/i) = -y (x?)-(/i) = 0, {xt)4h) 

vr2 ttH{18s + {5 + 18t)a) 

{Xt)~[J8 



18 
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In agreement with Theorem 17. Ill {xt)- is independent of s when evaluated on /i, /2 and 
However, {Xt)-{fs) depends on s, so xt is not local. We confirm that the necessary 
condition (17.91) for locality in Theorem 17. 141 does not hold. Indeed, </9_(/i) = 1/z ^ and 
3(— l/2;)(7r^) 7^ ■ a. The /3-function on /i, /2, /4 is given by 
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The renormalized character (xOrcnl^) is given by 

(X*)ren(s)(/l) = S - a, (Xt)rcn(s) (/a) = TT^A, {Xt)rcn{s) (h) = ^ (s + 36st - (l + 24t)a) , 

and satisfies the abstract RGE. 

Let Tt^ be the Hopf subalgebra generated by the trees 

to = Ir, ^1 = h = I) ^3 = 1 ^4 = A, = ... 

For T G {ti, . . . , ts}, let Zt be the corresponding infinitesimal character. The Lie algebra 
02 of scalar valued infinitesimal characters of is generated by Z^^, . . . , Zt^. Let Gi be 
the scalar valued character group of H^, and let Go be the semi-direct product Gi xi C 
given by 

{g,t)-{g',t') = {g-e,{g'),t + t'), 

where 9t{g)(T) = e^'^'^^^^^giT) homogenous T. Define a new variable Zq with [Zq, Zf.] = 
deg{ti)Zt^, so formally Zq = ^. The Lie algebra go of Gq is generated hj Zq, Zt-^, . . . , Z^^. 

The conditions a) and b) in Definition [2TT] of a Lie bialgebra can be written in a basis as a 
system of quadratic equations. We can solve this system explicitly, e.g. via Mathematica. 
It turns out that there are 43 families of Lie bialgebra structures 7 on go- In more detail, 
the system of quadratic equations involves 90 variables. Mathematica gives 1 solution 
with 82 linear relations (and so 8 degrees of freedom), 7 solutions with 83 linear relations, 
16 solutions with 84 linear relations, 13 solutions with 85 linear relations, 5 solutions with 
86 linear relations, and 1 solution with 87 linear relations. 

To any Lax equation with a spectral parameter, one can associate a spectral curve and 
study its algebro-geometric properties (see [IS]). In our case, we consider the adjoint 
representation ad : 5 — > qI{S) and the induced adjoint representation of the loop algebra. 
The spectral curve is given by the characteristic equation of ad(LA): Fq = {{X,u) G 
C - {0} X C I det(ad(L(A) - z/Id)) = 0}. 

The theory of the spectral curve and its Jacobian usually assumes that the spectral 
curve is irreducible. For all 43 families of Lie bialgebra structures on 6, on the asso- 
ciated Lie algebra ad{6) all eigenvalues of the characteristic equation are zero, and the 
zero eigenspace is nine dimensional. The spectral curve itself is the union of degree one 
curves. Thus each irreducible component has a trivial Jacobian, and the spectral curve 
theory breaks down. The integrability of these Lax pair equation remains open for future 
investigations. 
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